Rotating friction circular plates are the main components of a friction clutch. The vibration and temperature field of these friction circular plates in high speed affect the clutch operation. This study investigates the thermoelastic coupling vibration and stability of rotating friction circular plates. Firstly, based on the middle internal forces resulting from the action of normal inertial force, the differential equation of transverse vibration with variable coefficients for an axisymmetric rotating circular plate is established by thin plate theory and thermal conduction equation considering deformation effect. Secondly, the differential equation of vibration and corresponding boundary conditions are discretized by the differential quadrature method. Meanwhile, the thermoelastic coupling transverse vibrations with three different boundary conditions are calculated. In this case, the change curve of the first two-order dimensionless complex frequencies of the rotating circular plate with the dimensionless angular speed and thermoelastic coupling coefficient are analyzed. The effects of the critical dimensionless thermoelastic coupling coefficient and the critical angular speed on the stability of the rotating circular plate with simply supported and clamped edges are discussed. Finally, the relation between the critical divergence speed and the dimensionless thermoelastic coupling coefficient is obtained. The results provide the theoretical basis for optimizing the structure and improving the dynamic stability of friction clutches.
Introduction
Friction clutch is an important part of the transmission system of mineral locomotives. Considering the mining industry background, the friction clutch of Shaanxi XUST-18 explosion-proof mineral locomotive (shown in Figure 1 ) is used as the sample. By considering friction circular plate as the thin plate (shown in Figure 2 ), the clutch active shells can be regarded as the boundary supports. Friction circular plates in clutch often work in a varying temperature field; thus, the transverse vibration originated from the varying temperature generally has a significant influence on the operation of the mineral locomotive. Therefore, a study on the thermoelastic coupling transverse vibration of the friction circular plates in clutch is important.
Transverse vibration of the rotating circular plate has been extensively studied over the past few decades, and numerous representative results have been achieved. Some research work focus on the effects of angular speed on transverse vibration. For example, Khorasany the natural frequency with the angular speed of the rotating circular plate by the modal expansion method and the Galerkin method, respectively. Maretic 3 used the Galerkin method to analyze the relationship between the natural frequency of the eccentric rotating circular plate and angular speed. Wang et al. 4, 5 analyzed the change situation of the complex frequencies of the rotating circular plate under three boundary conditions with the change of the angular speed. The aforementioned research works have not considered the transverse deflections and dynamic responses. Gupta et al. 6 utilized Rayleigh-Ritz method to calculate the deflections of the first two modes in orthotropic viscoelastic circular plates and discussed the effect of nonhomogeneous value and taper coefficient on the transverse vibration of the circular plate. Heo and Chung 7 studied the dynamic responses of a flexible rotating plate by finite element method and examined the relationship between the vibration characteristics and angular misalignment of the circular plate. On the other hand, some researchers focus on the dynamic stability of the circular plate. Bauer and Eidel 8 analyzed the effects of angular speed on natural frequency and stability by the Galerkin method. Hochlenert et al. 9 studied the instability problem of the circular plate caused by the friction in the brake system. Mottershead and Chan 10 examined the flutter instability of the circular plate under the frictional follower load. Hu and Wang 11 and Li et al. 12 established the magnetoelastic vibration equations of a conductive rotating circular plate by Hamilton principle. They investigated the critical condition of stability of the rotating circular plate by the Galerkin method.
All of the aforementioned studies do not involve the varying temperature. In fact, the circular plate is under the condition of varying temperature environment in actual engineering applications (e.g. the engaging process of friction clutch), so the varying temperature needs to be considered. Sepahi et al. 13 analyzed the effect of varying temperature on the large deflection of the FGM plate. Shu and Zhang 14 used the Galerkin method to discuss the nonlinear thermoelastic vibration of the circular plate with clamped edge. Trajkovski and Cukic 15 studied the vibration problem of the circular plate under the boundary of free and clamped edges with varying temperature. Sun and coworkers 16, 17 analyzed the thermoelastic coupling vibration of micro-circular plates and discussed the effect of component size and different temperatures on the thermal bending moments and vibration amplitude. Salajeghe et al. 18 examined the thermoelastic vibration of micro-circular resonators by von Karman theory and explored the effect of linear and nonlinear analysis on thermoelastic damping. Hao 19 investigated the vibration of . Three-dimensional model of friction clutch: 1, driving shaft; 2, clutch active shell; 3, friction plate combination; 4, hinge mechanism; 5, pin; 6, clutch member; 7, clutch driven member; and 8, driven shaft.
circular thin plate micrometer and nanometer electromechanical exciters under heat-elastic damping. Kumar et al. 20 studied a two-dimensional axisymmetric vibration in a homogeneous isotropic micropolar porous thermoelastic circular plate by using the eigenvalue approach and analyzed the displacements, microrotations, volume fraction fields, temperature distributions and stresses in the transformed domain subjected to thermomechanical sources. Bhada et al. 21 used integral transform technique to investigate the thermally induced vibration of an elliptical disk and discussed the thermal moment, normal stresses and normal deflection of disk. The above research works on the thermoelastic coupling vibration of circular plates are mainly focused on the analysis of the coupled term and dynamic term, but the research on the differential equation of thermoelastic coupling vibration is not that much. The differential equation of thermoelastic coupling vibration of the circular plate is a fourth-order partial differential equation with complex variable coefficient, which involves solving a complex eigenvalue problem. Some research work on a high-order partial differential equation had been carried out by the Galerkin method and finite element method. 1, 3, 7, 8, 11, 12, 22 Yayli [23] [24] [25] [26] [27] used the Fourier sine series and Stoke transformation to analyze the high-order partial differential equation of vibration. The computation in these methods is complicated. In recent years, the differential quadrature method (DQM) has also been applied to compute the high-order partial differential equation of transverse vibration because of its high efficiency and accuracy. [28] [29] [30] [31] [32] However, few works have been presented the study of the high-order partial differential equation of thermoelastic coupling vibration by DQM. In this paper, we mainly use the DQM to solve the differential equation of thermoelastic coupling vibration in order to improve the solving efficiency and accuracy.
This study aims to construct the differential equation of thermoelastic coupling transverse vibration of the rotating circular plate in friction clutch in accordance with the thermal conduction equation and on the basis of the action of linearly distributed normal inertial force along the radial direction. The dimensionless complex frequencies of the rotating circular plate with variable temperature are analyzed by DQM. The change curve of the first two-order dimensionless complex frequencies of the rotating circular plate with the dimensionless angular speed and the dimensionless thermoelastic coupling coefficient are analyzed, which can provide the theoretical basis for optimizing the structure and working condition of friction clutch.
Differential equation of thermoelastic coupling transverse vibration
Differential equation of transverse vibration with varying temperature Figure 3 shows a circular plate with thickness h and radius R. The plate is rotating around its axis with a constant angular speed X. Meanwhile, q denotes the density of materials, r is the radius of the polar coordinate and q ¼ qhX 2 r indicates the inertial force per unit area in the middle plane. The strain-displacement relation of the rotating circular plate can be given by
where u r is the displacement field component along the r axis, z represents the rotation axis and w ¼ wðr; tÞ refers to the transverse displacement. The constitutive equation with the varying temperature T can be written as
where E is the elastic modulus, l is Poisson's ratio, and a denotes the linear thermal expansion coefficient. Substituting equation (1) into equation (2) results in
By using equation (3), the bending and twisting moments per unit length are given by
where
is the flexural rigidity and
Tzdz indicates the thermal moment.
The force and moment balance condition in the axisymmetric circular plate are given by
where N R and N h represent the normal in-plane forces, p is the lateral load per unit area and Q r refers to the lateral shear. Based on equations (1)- (5), by using the Kirchhoff theory and D'Alembert's principle, the differential equation of transverse vibration is given as follows
Given that the varying temperature T along the lateral direction is considerably larger than that along radial direction, the thermal conduction equation can be described as follows
where T ¼ Tðz; tÞ is the varying temperature, k denotes the thermal conductivity, C v indicates the specific heat at a constant volume and T 0 represents the initial temperature of the circular plate.
M T in the differential equation (6) is related to Tðz; tÞ, and the thermal conduction equation (7) involves the deflection function w ¼ wðr; tÞ. It can be seen that the temperature and deflection fields are coupled together. In this way, equations (6) and (7) must be solved simultaneously.
Solution of the normal in-plane forces
In order to solve equations (6) and (7), the normal in-plane forces N r and N h need to be solved firstly. The stress function u is introduced
Based on equation (1), the strain compatibility equation is obtained
Considering that the varying temperature T along the radial direction is ignored, the compatibility equation is obtained
From equation (10), the solution of u r ð Þ can be obtained as
where A and B are integral constants. Integral constant B must be zero since the stress at the center of the circular plate (r ¼ 0) is a finite value. The displacement field component u r along the radial direction of the plate is as follows
The boundary conditions of clamped and simply supported edges are given by
The boundary condition of free edge is given by
Substituting equations (11) and (12) into equations (13) and (14), respectively, results in
clamped and simply supported edges
For clamped and simply supported edges, based on equations (8), (11) and (15), N r and N h can be obtained as
For free edge, based on equations (8), (11) and (15) , N R and N h are given by
Dimensionless differential equation and boundary conditions
The following dimensionless quantities are introduced as follows
Considering that p ¼ 0, equations (6) and (7) take the form of
For simply supported and clamped edges, N 1 and N 2 are as follows
For free edge, N 1 and N 2 are as follows
The solution of equations (20) and (21) is assumed in the following form wð r; sÞ ¼ Wð rÞe
where j ¼ ffiffiffiffiffiffi ffi À1 p , x denotes the dimensionless complex frequency of the rotating circular plate.
Substituting equation (26) into equations (20) and (21), differential equations of the rotating plate are obtained as
From equation (28), the solution of T Ã can be obtained as
where a 1 and a 2 are two integral constants and b ¼ ffiffiffiffiffiffiffiffiffiffi ffi A 2 jx p . Substituting equation (29) into equation (27) 
where w ¼
is the dimensionless thermoelastic coupling coefficient and indicates the coupling degree between the temperature and strain.
The dimensionless thermoelastic coupling coefficient w is composed of five parameters, which are the elastic modulus E, Poisson's ratio l, the linear thermal expansion coefficient a, the density of material q and the initial temperature T 0 of the circular plate. The dimensionless thermoelastic coupling coefficient is related to the initial temperature for a given material. With the increase of initial temperature, the dimensionless thermoelastic coupling coefficient increases. Generally, the dimensionless thermoelastic coupling coefficient w of most materials is between 0 and 0.5, but w of new materials may be higher. 33 When the plate material in the friction clutch is selected as No. 45 steel, the initial temperature of the friction plate is related to the number of engagement during the working process. With greater number of engagement, the initial temperature will be higher and the dimensionless thermoelastic coupling coefficient is larger. Based on the material and number of engagement of the friction plate, the study range of w in this paper is assumed to be 0-1.
Considering that the edge of the plate is held at a constant temperature, the three dimensionless boundary conditions are given as follows.
(1) Simply supported edge
(2) Clamped edge
(3) Free edge
The dimensionless boundary conditions at the center of the plate are given as follows
Discretization method of vibration equation
DQM is used to solve equation (30) . DQM [34] [35] [36] approximates the derivatives of the function at the given nodes by weighted sums of the function at the total nodes.
The nodes are calculated by the following formula
Based on the Lagrange interpolation polynomial, the weight coefficients of the first derivative A ð1Þ ij are obtained
. . . ; N; i 6 ¼ jÞ
The weight coefficients of the second, third and fourth derivatives are determined by matrix multiplication 
Equation (30) can be discretized into the following form by DQM
The discretization of equations (31) to (33)can be can be expressed as follows.
The discretization of equation (34) can be expressed in the following form
Equation (38), the boundary condition (equation (42)), and one of the boundary conditions (equations (39)-(41)) can be expressed in the matrix form as
where ½I is identity matrix, the matrix ½K involves the dimensionless angular speed c and the dimensionless thermoelastic coupling coefficient w.
Numerical analysis
Equation (38) is simplified to the differential equation of transverse vibration of the nonrotating plate at a constant temperature when w ¼ 0 and c ¼ 0. The first four-order natural frequencies of the nonrotating plate with three boundary conditions are calculated when the number of nodes N ¼ 9; 10; 11; 13; 15. The calculation results are in good agreement with those exhibited by Ni, 37 which can be seen in Table 1 . It shows when the number of nodes N is greater than 13, the value of the natural frequency has stabilized. In addition, Han and Liew 31 also mentioned when N is greater than 13, it can obtain the converged results by DQM. Therefore, N ¼ 13 is selected in this study by considering the accuracy and stability of DQM.
Rotating circular plate in friction clutch with simply supported edge angular speed c ¼ 0, the first two-order dimensionless complex frequencies x 1 and x 2 are real numbers, as shown in Table 2 . The first two-order dimensionless natural frequencies of the nonrotating circular plate in the case of thermoelastic coupling are larger than those in the case of the uncoupling. The reason is that the dimensionless thermoelastic coupling coefficient w > 0 is equivalent to the increasing of the flexural rigidity of the plate. As the dimensionless angular speed increases, the real parts of x become smaller, while their imaginary parts are zero. When the dimensionless angular speed reaches a certain critical speed shown in Table 3 , the real parts in the firstorder and second-order modes become zero, but their imaginary parts have two branches. The result shows that the divergence instability appears in the first-order and second-order modes of the rotating circular plate when the dimensionless angular speed is larger than the critical divergence speed. Figure 6 indicates the variation of the first-order complex frequency of the rotating circular plate in friction clutch with the dimensionless thermoelastic coupling coefficient w for c ¼ 3:96 (the critical divergence speed in first-order mode when w ¼ 0), c ¼ 2 and c ¼ 6. In the case of c ¼ 3:96, the real part increases gradually from zero to positive values as w increases, while its imaginary part is zero. This result is consistent with the critical divergence speed in Wang et al., 5 which proves the correctness of the calculation in this study. In the case of c ¼ 2 < 3:96, the increase in w leads to the increase of the real part of the first-order complex frequency, while its imaginary part is zero. In the case of c ¼ 6 > 3:96 and w < 0:51, the real part of the first-order complex frequency remains zero with the increase of w, while two branches appear in its imaginary part. The rotating circular plate exhibits divergence instability until the two branches of the imaginary part merge with each other at w ¼ 0:51. In the case of c Figure 5 . Second-order dimensionless complex frequency versus dimensionless angular speed (simply supported edge). Table 2 . First two-order dimensionless natural frequencies of the rotating circular plate in friction clutch (c ¼ 0). circular plate in the first-order mode. w ¼ 0:51 is the critical dimensionless thermoelastic coupling coefficient in the first-order mode for c ¼ 6. Figure 7 presents the variation of the second-order complex frequency of the rotating circular plate in friction clutch with the dimensionless thermoelastic coupling coefficient for c ¼ 101:9 (the critical divergence speed in second-order mode when w ¼ 0), c ¼ 50 and c ¼ 150. By comparing Figures 7 and 6 , we can see that the effect of the angular speed on the second-order complex frequency is similar to that on the first-order complex frequency. In the case of c ¼ 101:9 and c ¼ 50 < 101:9, the real part remains positive values, while its imaginary part is zero. This result indicates that the rotating circular plate is stable. In the case of c ¼ 150 > 101:9, w ¼ 0:47 is the critical dimensionless thermoelastic coupling coefficient in the second-order mode for c ¼ 150 and denotes the critical point from the instability and stability. Figure 8 (a) and (b) shows the effects of the dimensionless thermoelastic coupling coefficient on the first twoorder critical divergence speeds. It can be seen in Figure 8 that, with the increase of the dimensionless thermoelastic coupling coefficient, the first two-order critical divergence speeds of the rotating circular plate with simply supported edge increase.
Rotating circular plate in friction clutch with clamped edge Figures 9 and 10 show the variation of the first two-order dimensionless complex frequencies x of the rotating circular plate in friction clutch with the dimensionless angular speed for w 1 ¼ 0, w 2 ¼ 0:1 and w 3 ¼ 0:3. Table 3 . Critical divergence speed of the circular plate in the first-order and second-order modes (simply supported edge). An increase in the dimensionless angular speed causes the real parts of x to increase firstly and then decrease; subsequently, their imaginary parts become two branches. The result notes that the first two-order modes exhibit the divergence instability. This instability of the rotating circular plate in clutch with clamped edge is similar to that with simply supported edge. Table 4 presents the critical divergence speeds in the first-order and secondorder modes. modes change from divergence instability to stability with the increase of the dimensionless thermoelastic coupling coefficient. The critical dimensionless thermoelastic coupling coefficients existing in the first-order and secondorder modes are not only dependent on the boundary condition but also affected by the angular speed. Figure 13 (a) and (b) shows the variation of the first two-order critical divergence speed with the dimensionless thermoelastic coupling coefficient. With the increase of the dimensionless thermoelastic coupling coefficient, the first two-order critical divergence speeds of the rotating circular plate with clamped edge increase.
Rotating circular plate in friction clutch with free edge Figures 14 and 15 show the variation of the first two-order dimensionless complex frequencies x of the rotating circular plate in friction clutch with the dimensionless angular speed for w 1 ¼ 0, w 2 ¼ 0:1 and w 3 ¼ 0:3. As shown in Figures 14 and 15 , the real parts of the first two-order complex frequencies of the rotating circular plate increase with the increase of the dimensionless angular speed. In addition, the real parts increase with the increase of the dimensionless thermoelastic coupling coefficient for the same angular speed, while their imaginary parts are zero. Therefore, the critical divergence speed and critical dimensionless thermoelastic coupling coefficient do not exist, and the instability does not occur. The reason is that the normal in-plane forces N r and N h for a completely free plate subject to a linearly distributed radial inertial force are tensile stresses. With the increase of the angular speed, N r and N h increase linearly, and the deflection of circular plate decease; thus the real parts increase. 
Conclusions
The rotating circular plate in friction clutch of the Shaanxi XUST-18 explosion-proof mineral locomotive is selected to examine. The thermoelastic coupling transverse vibration and stability of the rotating circular plate in friction clutch with three boundaries are investigated by DQM. The effects of the dimensionless angular speed, the dimensionless thermoelastic coupling coefficient and the boundary condition on transverse vibration and stability are discussed. The results are listed as follows:
1. As the dimensionless angular speed increases, the real parts of the first two-order dimensionless complex frequencies decrease to zero under the boundary condition of simple supported edge. However, the real parts increase firstly and then decrease to zero under the boundary condition of clamped edge and increase in the range of positive values under the boundary condition of free edge. 2. The first two-order modes exhibit divergence instability under the boundary conditions of simple supported and clamped edges, and the corresponding critical divergence speed in the case of thermoelastic coupling is larger than that in the case of uncoupling. With the increase of the dimensionless thermoelastic coupling coefficient, the critical divergence speed increases under the boundary conditions of simple supported and clamped edges. However, the instability does not occur under the boundary condition of free edge, and the critical divergence speed does not exist. 3. When the dimensionless angular speed is larger than the critical divergence speed (w ¼ 0), the critical dimensionless thermoelastic coupling coefficient exists under the simple supported and clamped edge boundary conditions. The critical dimensionless thermoelastic coupling coefficient is affected not only by the boundary conditions but also by the angular speed.
From these results, this study provides a theoretical basis for optimizing the structure of the friction circular plate in clutch and improving working condition stability for friction clutch.
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